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Scattering potentials of hollow particles with pdoid-, cylinder- and parallelepiped-like
shapes and adjustable edge sharpness are introdacedlifference of two 3D multi-Gaussian

functions with suitable parameters. The far-z

orterisity distributions generated on weak scatter-

ing from such potentials are shown to depend orstladterer's boundary thickness, edge softness
as well as on its size relative to the wavelenBtissible extension to potentials formed by nested
shells of the same or different types and potentiath semi-hollow center is outlined.
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Introduction

The classic Mie theory of plane wave scatteringnfr(
uniform solid spheres [1] has led to closed forhutsans
for the angular distribution of the scattered epetgpend-
ing on the wavelength of light as well as the sind the
refractive index of the particle. The Mie solutipredicted
the redistribution of the incident uniform energgid into
the fringe-like far-zone pattern with several we
pronounced dark concentric circles centered aldmutirt-
cident wave’s direction and appearing when theteseats
size is somewhat greater than the light's wavelenghe
important extensions of the Mie theory were laggrorted
for scattering from soft spheres, hollow sphereliections
of spheres, cylinders [10]. Light scattering fromrtjtles
with various physical and statistical propertiemais the
topic of acute scientific interest [2]9].

In recent publications [112] the attempt was mad
to predict the outcome of plane wave scatteringnfpar-
ticles with different 3D shapes and adjustable eq
sharpness covering the broad class of potentiaia foft
(Gaussian) to hard (step-like). This was achievitd the
help of the 3D multi-Gaussian distributions for teat-
tering potentials being weighed sums of positived aag-
ative Gaussian function with well-chosen widthswls
shown that as the multi-Gaussian function apprcstblee
step function limit, the solution in [112] tends to the
Mie solution exhibiting strong interference-likeasiered
intensity distribution.

The purpose of this paper is to explore the resilt
scattering from hollow 3D potentials with ellipsgylin-
der and parallelepiped-like shapes with adjustéther
and outer edge sharpness. The dependence of the
tered angular intensity distributionon the particize,
shape, edge sharpness and the shell’'s thickndsshie
examined in detail. Our results are based on tkeBiorn
approximation [13] and can accurately predict the- o
comes only in the situations when the refractivdein
within the scatterer is sufficiently close to unity

The practical importance of this study is in mouiglof
a number of airborne, underwater and bio-tissuedaar-

surrounding medium and either fully or partiallyllbwr.
Moreover, the convenience of fine tuning of the eidd
the particle’s outer and inner edge sharpnessIgsoéil-
lows to treat practically all the optically softrpeles with
three basic types of 3D symmetry. In cases whemaine
ticulate collections of deterministic or randomuratare to
be accounted for the simple superposition of patknt
|- with spatially different centers can be employed.

1. Weak scattering theory

In the scattering theory a particle occupying damai
D and having the refractive index distributiorr, ),
wherer =(x,V, 2) is the location in space andis the an-
gular frequency, may be characterized by its sGatie
potential [13]

F(r,w)={

9% herek=w/c is the wave numbeg being the speed of
light in vacuum.
If the monochromatic plane wave

UQ(r,0) =a® (w)expliks, @]

(k*/4m)[ n*(r,w)~1], rOD,

0, otherwise,

1%

(1)

()

with amplitude a®(w) is incident from directionsy
(Is0]=1) onto a deterministic stationary particle with- po
tential (1) then the far-zone intensity of the wgak
scattered field, measured along direction=rs
(Is|=1, F |=1), can be expressed as [13]

$9(rs,0) =ri2 (@] H Ks=so). o, ®)

SGfhere SO (w) is the spectrum of the incident light is
the three-dimensional spatial Fourier transform

F(K)=[F(r; o) exp[-iK '] dt, (4)

andK =k(s—%) is the momentum transfer vector.

2. Spherically symmetric potentials
We begin the discussion from the simplest situatiban

ticles that have slightly different refraction ind&om its

the hollow semi-hard edge potential is sphericliymetric:

Computer Optics, 2016, Vol. 40(5)

635



Scattering of light from hollow and semi-hollow 8catterers with ellipsoidal, cylindrical and caid@ssymmetries

X. Chen, O. Korotkova

_1|—l L X

4 I
X2+ 2

—| —

_ _x2+y2+22
“ex"[' 20° ﬂ

whereh, is the maximum value of the potentilljs such

that ho> h;, ho—h; is the minimum value of the potentia
(at the particle’'s center)g, is the radius of the oute
edge,ai > 0o, 0o—0; defines the thickness (fill factor) o
the shell and a normalization factor is

c =§(—1)'1[|L],

L
where(I ] are binomial coefficients.

(%)

(6)

We note that the series in Eq. (5) may be equiviyle
written as a single function. Indeed, if

f(u)=1-(2-u), (7)
whereu is a scalar variable and is a positive integer,
one may reprseshfu) via finite series

(L
fu)= -Z(I ](-U)'- 8
In functionu (in one dimension) is chosen as:
u(x) = exp{— 2);2}. 9)
Nyt X
then f(x)—lzz;( 1) (I jex;{ IZOJ' (10)

To obtain the angular distribution of the spectral
tensity of a plane wave scattered by sphere-likei-seft
particles we substitute the model of the poten{@)snto
Eq. (3), and find that

O (50 =
_ S(i)k2 (0.)) (2T[)3/2 3 ( 1)| -1
- 412 { lz_;, |92 [ ]
xexp{ L A Py ]} (11
NGRS (—g/)z'l(L]xeXp{-kzofx
c & 2l

(S =5) 65,5+ 5,~5. ]|

The spectral intensity of a plane wave is alwgys

nonnegative, so the following condition must béssiad.

ha, —ho? 20 (12)

And this is automatically satisfied because of fihe-
vious condition.

Figures 4 show spherically symmetric potentia
Fus for different values of the summation index size
Oo, shell’s thickness and shell’s fill factor and tberre-
sponding scattered intensity distributions.

f

L

%)

For all the numerical examples we assume that the
plane wave with wavelength=632 nm is incident on
scatterers with centers @t 0, y=0, andz=0 andh,=1,
along direction s, with coordinates sox=sinBocosp,
Soy= SiNBp Sin@, So;=CcoHo, WherebBy and @ are the polar
and azimuthal incident angles in the correspondjiwer-
ical system. The scattered field is then calculébec di-
rection specified by a unit vect@w with coordinates
s«=sinBcosp, s,=sinBsing, s,=co, whered and are
the polar and azimuthal scattered angles.

Figure 1 shows the hollow scattering potentialshwit
spherical symmetry and different number of terinsn
the summation and the corresponding scatteredelasf
As L, and hence, the edge sharpness, grow the number of
fringes increase but saturate to eight for the wtasigu-
lar range of forwarding directions.

Figure 2 illustrates the dependence of the scattiere
tensity on the effective radius of the sphericalistvith
L =40, hi=1 (completely hollow in the center), but with
different values 06, ando; (for all casesna,/ci =5).

For shells witho, smaller than 2k the intensity de-
creases monotonically with azimuthal andle for the
shells with sizes comparable or grater thak the inter-
ference patterns are formed, with increasing nunaber
dark fringes for larger shells.

In Figure 3 the potentials of different thicknessl dhe
corresponding far-zone scattered intensity distiding are
presented. As thickness increases, the hollow patep-
proaches solid potential, leading to smaller nunafefark
fringes occurring at large azimuthal angles.

Figure 4 illustrates the capability of the model to
predict the scattered intensity in cases when drder
of the particle is partially filled. For this thale ofh;
is to be positive. On fixingL =40, g,=10/k and
oi=5/k and varyingh; from 0 to 1, we find that for
completely hollow and for semi-hollow particles the
number of dark fringes is smaller than for the eerr
sponding solid particle.

In order to extend the analysis from sphericallgnsy
metric shells to other 3D shapes we can use the gden
as in Ref. [12] based on arranging the multi-Gaussi
summations as: single 3D (ellipsoid), (2+1)D (csitn)
and (1+1+1)D (parallelepiped).Of course, for holland
semi-hollow potentials instead of single summatitmes
differences of the sums are to be implemented.

3. Hollow ellipsoids

A scattering potential of an ellipsoidal scattength
adjustable size, thickness, edge softness andafitior
can be modeled by the distribution:

o[

e &
NES A
{“’{ '[20@ "o, zoﬂ o
_ XLy 7
hexp[ I[Zoii 207 + 27 H}
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Fig. 1. The potential and the intensity of the s&ad plane wave foa}o: 20/k, o= 5)k, hh=hi=1,
with L= 1 (solid curve), I= 4 (dashed curve), £ 10 (dotted curve) and+ 40 (dash-dotted curve)
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Fig. 2. The potential and the intensity of the s&ad plane wave for £ 40 and different sizesn = 1/k, ai = 0.2/ k (solid curve);
Oo=5/k (dashed curve)si = 1/k (dashed curve); and, = 10/k, gi = 2/k (dotted curve)
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Fig. 3. The potential and the intensity of the tarad plane wave for £ 40, do= 10/ k and different thickness = 1/k (solid curve),
ai = 2.5/k (dashed curveyi=5/k (dotted curve)
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Fig. 4. The semi-hollow potentials and the corragting intensity of the plane wave scattered frdemﬁor h= 0 (thick solid
curve), h=0.25 (dash curve),ik 0.5 (dotted curve),ilk 0.75 (dashed-dotted curve) and-H (thin solid curve)
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Where the similar condition must be satisfied sifcéhard-edge case lead to increased number of dateki
the minimum value of the potential and the thiclenese | And in the soft-edge case, two dark fringes apjpredne
nonnegative. Shy > hi, Oxo> Oy, Oyo> Oyi, G20> Oyi. center in the hollow potentials. In the hard-edgseg

Figure 5(a) and 5(b) illustrate the hollow elligtipo- | compared with solidpotentials the hollow potentigiad
tentials withL=1 andL =20, respectively. As the uppgr to reduced number of dark fringes.
index increases the ellipsoidal shell with sharperer
and outer edges is formed.
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Fig. 6. Density plots of the scattered intensita @lane wave
from ellipsoidal potentials with witllx= 10/ Kk, doy= 8/K,
Ooz= 6/K, ox=5/k, dy=4/k, gz=3/kand (a) L= 1, h=0;
(b)L=1,h=1;(c)L=40,h=0and (d) L= 40, h=1

4. Hollow Cylinders

. | e The potential of a hollow cylinder-like scattereithw
Fig. 5. Hollow (a) ellipsoid with E 1, (b) ellipsoid with |= 20, semi-soft edges may be modeled by multiplying ferdifice

_(©) cylinder with L= M= 20 and (d) parallelepiped with of two 1D multi-Gaussian distributions correspongia the
L=M=P=20. For all figuresako> 1/K, o> 1.5/K, 020> 2/K, . . \ .

> 0.5/k, 5> 1/k andaz > 1.5/k axis of cyllnde_r S symmetry and a dlf_ference of @ mul-

' ti-Gaussian distributions corresponding to the othe or-

On substituting this expression into Eq. (3) omelsi | ,q0nal coordinates. For instance a cylinder atigmith
that the corresponding far field scattered intgn®ie- | e scattered directiarhas the potential of the form:

comes i .
() 2m)¥? o) = —1)-L %
(SE)(G(*’)=84$ZK2{Q( ) Zxocyoozo Foc (r;0) 4T[C||Z=1:( 1) (I]

2 2
) K2 - X y
Z(P’)Z ( ] Xp{ 2 (0§0(sx—sw)2+ xexp[ (20§o+202yo "

=1

+cr§0(sy—soy)2+cr2m(sz—s0 Z)2)}— X—Z( 1)”‘1( ] p{—mzzz }— (16)

(14) Cr

(2n)3’20x.0 O < (- 1)'1 2 2

-h > z ER _hk Z( 1) 1[ j - X2 + y22 X
k2 1=1 4'T[C| =1 20xi ijl

xexp| ——(0% (s, —5,,)° + 2

p{ o ( % (Sc=s00) x_Z( 1)”‘1[ jexp{—m Zz }

Py m m=1 20-zi
+0y (Sy _Soy)2+02' (SZ_SOZ)Z):|} . Where the similar condition must be satisfied. Here
Cm has the same form & in (6) but generally different

Similarly the the following condition must be sé#ésl. | value of upper index. In order to model a potential
h0,0,0,,~ho,0,0,20. (15) | aligned withx or y directions it suffices to exchange in

iy~ iz
And this is also automatically satisfied becausthef | (16) all the quantities relating todirection with those re-
lating tox ory directions.

previous condition. Fig. 6 presents the densityspdd the
plane wave scattered from a typical ellipsoidaleptial Figure 5(c) shows the hollow cylindrical potential
of fixed size with solid [6(a) and 6(c)] and comtply | With L=M=20. We note that fot =M =1 the cylinder
hollow [6(b) and 6(d)] centers. Soft-edge case={, | reduces to the Gaussian shell in 5(a).

Figure 7 shows typical distributions of scattered i

[6(a) and 6(b)]) and fairly hard-edge case=@0, [6(c)
and 6(d)]) are considered. Compared with soft-ediye,| tensity of light scattered from cylinders orientddng the

638 Computer Optics, 2016, Vol. 40(5)
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scattering axis and having various potential stitehgin | perpendicular to that of the incident light wave.this

the center. Generally for cylinders two sets ofvesr| case for semi-hollow scatterers closed curve -y

crossing each other appear. hgrows from 0 (solid cyl-| plane may appear. In addition, the comparison betwe

inder) to 1 (hollow cylinder) the number of destive in- | Figs. 7 and 8 implies that the orientation of tlyéire

terference curves decreases. der plays the crucial part for qualitatively detéming
Figure 8 illustrates the interference pattern fgl- c| of the scattered intensity distribution.

inders with the axis of symmetry along the direnti
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Fig. 7. Density plots of the far-field intensitytbhé plane wave scattered from the cylindrical srars with symmetry axis along the

z-direction (coinciding with the scattering axis) lwihox= 10/ k, doy= 8/K, doz= 6/K, ox=5/k, gy=4/k, az=3/k for (a) h=0
(solid ellipsoid); (b) h=0.1; (c) h=0.4; (d) h=1 (completely hollow ellipsoid)
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Fig. 8. Der_msity plots of the far-field intensitytbé plane wave scattered from the cylindrical taars with symmetry axis along the
z-direction (perpendicular to the scattering axig)h dox= 10/k, doy= 8/k, doz= 6/Kk, ax=5/k, dy=4/k, = 3/k for (a) h=0
(solid cylinder); (b) h=0.1; (c) h=0.4; (d) h=1 (completely hollow cylinder)

On subsituting from Eqg. (16) into Eq. (3) we fildt the corresponding far-field scattered intentsikes the form:

(I)((A))kz (2-’-[)3/20-xoo-y00-zo>< 3 ( 1)|_1 L x
{h) CGC, ; l (J

—Kk2 ) 2 ) 2 M (—1)" 1 (M _kz 50 )
xexp[T';(oxo<sX-s0X) a5 )15 o 0% s -5, -
h<2ﬂ>3’2°x-0y-°nlz< o8 { ]r{ AR (sy—soy)z)}

S

5. Hollow Parallelepipeds

A hollow soft-edge parallelepiped’s scattering pbigd can be modeled by a product of three one-dgimmal mul-
ti-Gaussian distributions:

o= RS (Yo v | 5 (oo

X0 yo

xc_z( b 1[ ] {_mzzz }_4*1“'2: i Hyl[ nj ex{_nzlex (18)

e (oo Eer(2)etng]

whereC, andC, have the same form as normalization fa&@pin (6) but possibly different values of their uppe
indexes and also the similar condition should hesBad.

Figure 5(d) shows the hollow parallelepiped-likagmtial withL =M= P=20. Just like in the cylindrical case, for
L=M=P=1 the parallelepiped shell reduces to the ellipsodt Gaussian shell in 5(a).

SR (rsw) =

(17)

% (s, -s,,)°
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The far-zone scattered intensity distribution isvmeadily obtained on substituting from (18) in8):(

< S(i)(w) k2 (21'[)3/20XO0- 00- " N (_1)n—1 N _k20.2
(s) - y X0 — X
P( rs:w) 4_”],_2 CnCp Cm ~ \/ﬁ ( njexp 2 n (Sx SOx )2}

P (_1\P1( P —k?g? M _1\y-1( M —k?g?
Y =D \7)5 (pjex{—zgyo (Sy_SOy)Z] Z(\/li—n [mj ex k2r(:]zo 3 ‘302)2]‘

p=1 m=1 (19)
_(zn)3/20xi0yiczi S (_1)n71(N _kzoii _ N (_1)’)71 P _kzosi _ X

ccc nZ;‘ N knJex;{—Zn 6 Sox)z} 2 /o (pJ ex;{—2p 6, S, J

M (—1yL (M K22 2

x - (j._?n (m]exp{ l<2m02I (SZ_SOZ)Z}} :

Figure 9 shows the scattered intensity patterns |for

several parallelepiped-like particles with differemlues
of hi Solid [9(b)], semi-solid [9(b) and 9(c)] and hallo
[9(d)] scatterers all have three sets of dark aundeist
like in the case of a cylinder, Asgrows bigger, the dar
closed curves may appear for semi-solid scatterers.

10

0 19 0

Figure 10 compares the scattered intensity patferns
light scattered from completely hollow parallelegs
with different thickness: thicker walls of the deaér
[Fig. 10(b)] lead to fewer interference curves mre
closed curves in the center.
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Fig. 9. Density plots of the far-field intensitytbé plane wave scattered from the typical parapged-like scatterers with
Oox= 10/K, doy= 81K, 0oz= 6/k, ox=5/k, agy=4/k, a.= 3/k for (a) h= 0 (solid parallelepiped); (b)ikr 0.1; (c) h=0.4; (d)

hi=1 (completely h

¢
1.0
0.5
0
-0.5

d

]'5-1 16 '5-1 0 189
Fig. 10. Density plots of the far-field intensitfytbe plane wave
scattered from two completely hollow parallelepipi@-|
scatterers (= 1) with gox= 10/K, doy= 8/K, 0oz= 6/k but of
different thickness: (agix=9/k, agy=7/k, g.=5/k and (b)
ox=2.5/k, gy=2/Kk, az= 1.5/k

6. Summary

By means of multi-Gaussian functions in 1D, 2D a
3D settings we have established analytical modelshie
scattering potentials that can be of different sisap
spherical, ellipsoidal, cylindrical and parallelegd-like,
as well as have adjustable size, outer and innge ¢
sharpness and shell thickness. On the basis ofirgte
Born approximation and far-zone approximation weehd
analytically evaluated the distributions of scagtbmten-
sities for all the cases for the incident plane eva®ur re-
sults illustrate that the solid, semi-hollow andlldw

ollow parallelepiped)

distributions, forming the fringe-like patterns aoating
for size, sharpness, and geometrical featureseaprits-
ence of right-angle side-joints (cylinder and platapi-
ped) and the corners (parallelepiped). The modeloh
acute academic interest since they are entirelgas
the dimension-separable and easily integrable et
formable Gaussian functions.

The model can be readily extended to the following
cases: 1) The choice of different upper indexesHerpo-
tentials can account for situations in which diéfetr
smoothing is required in the three orientations;TRe
profile of the hollow part of the scatterer does meed to
coincide with that of the external edge, for insg&mne
can readily model a cube with the removed ellipabid
central part; 3) The nested potentials of the samdif-
ndferent geometrical profiles can be employed; 4) thjld

exclusions at different locations within the scagtecan
be used for modeling of the porous media.
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