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Abstract

We show that if one cylindrical lens is placedhe Gaussian beam waist and another cylindri-
cal lens is placed at some distance from the éire and rotated by some angle, then the laser
beam after the second lens has an orbital angutanemtum (OAM). An explicit analytical ex-
pression for the OAM of such a beam is obtainegddéing on the inter-lens distance, the OAM
can be positive, negative, or zero. Such a lasemb®as no isolated intensity nulls with a singular
phase and it is not an optical vortex, but has AMOBY choosing the radius of the beam waist of
the source Gaussian beam, the focal lengths déttses and the distance between them, it is pos-
sible to generate a vortex-free laser beam equivabean optical vortex with a topological charge

of several hundreds.
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Introduction

an array of singular beams, whose axes lie onufface

Laser beams with an orbital angular momentlinPf @ hyperboloid of revolution. It is shown in [8fat the

(OAM) are intensively studied now due to their wiale-
plicability in optical trapping for rotation of migscopic
particles [1] and cold atoms [2], in phase contrag&iros-
copy [3], in stimulated emission depletion micrgsed4],
as well as in classical optical [5] and quantumif&rmat-
ics. In most cases, light beams with the OAM argexo
laser beams with a singular phase and a helicaalsp

OAM of such composite beam can reach 204 per photon
Using a light modulator (resolution 1920x1080),aent
gled pairs of photons were detected in [10] with @AM

of 300 per photon. Using an ultra-precision tedbgy,

a spiral phase mirror was manufactured in [11] an a
aluminum substrate with diameter of 75 mm and reugh
ness of 3 nm. This mirror can generate opticalic®est

wavefront. Generally, such beams have a complextianpWith the topological charge of 1020. Using a spahl-

tude in the formA(r)exp(ind), where (,¢) are the polar
coordinatesA(r) is the radial term of the beam comple
amplitude andn is the topological charge of the optic
vortex. The OAM density and the total OAM per photd

such beams equals the topological chatgenvo questions
arise. The first question is whether all laser beamth

non-zero OAM have the phase dislocation and thiedie
wavefront or there are other beams with the OAMe T|
second question is what the maximal OAM is that loan
practically obtained. The answer for the first diogsis

positive and it can be found in [7], where the O/Alds

been calculated for an elliptic Gaussian beam fedtiy a
cylindrical lens. Using a theoretical estimatidrhas been
shown in this work that the OAM of such beam can
equal to 10000 per photon. However, in [7] a beaith W
the OAM per photon equal only to 25 has been implam
ed in practice. We note that the idea of assignroéan
OAM to a laser beam by using a cylindrical lens besn
firstly introduced in [8]. It has been shown expeentally
in [8] that after passing a cylindrical lens a Hiem
Gaussian beam without the OAM at certain propagat
distance and at certain conditions transformsltaguerre-
Gaussian beam with the OAM.

In works [9-12] there are attempts to answer the sec

ond question and to obtain as large as possible @AM
ue. In [9], it was proposed to increase the OAMubing

be

minum mirror with a diameter of about 50 mm, entadg

.y photons for the wavelength of 810 nm were deteated
21 [12]. The photons were entangled by the OAM anapol

ization, and what is more, the quantum OAM of phsto
was equal to £10010. This is the maximal value haf t
OAM, obtained so far.

In this paper, in contrast to [7], we consider atex-

h free elliptical laser beam generated from a coriveat

Gaussian beam by using two cylindrical lenses, Wwhie
crossed (but not at right angle) and separateddsrtain
distance. An exact expression for the normalizddtalr
angular momentum is obtained for such beam.

1. Vortex-free beam with the OAM

In this section, first four Equations coincide wji,
for the ease of reading. Laser beams with the arhit-
gular momentum are usually studied within the piatax
approximation. Such beams have singular pointsjsice
lated intensity nulls with undetermined phase. Acbthe
singular points the wavefront has a spiral shapaveV-
er, it turns out that simple light fields exist, iafn have
the OAM, but are free of isolated intensity nullghathe
helical phase. We consider an elliptic Gaussianrba&
ter passing a cylindrical lens [7], which is pladetb the
beam waist and rotated in the transverse planentgna
gle a. Complex amplitude immediately behind the cylin-
drical lens reads as
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X2 y2
E(x y)=exp —— —= |X
(xy) ;{ W WZJ
’ 1)
ikx’cosa iky® sifa ikxy sin2
xexp - - - ,
2f 2f 2f

wherewy andwy are the waist radii of the Gaussian bea
along the Cartesian axdds the focal length of a thin cy
lindrical lens, whose axis is rotated counter-cleisle by
some anglen from the vertical axisy, k is the wave-
number. The normalized OAM in the paraxial casdes
termined by the following expressions [7] (up ton€g
stants):

W= [ExyExydxy

—00 —00

JE(XY)

VEX Y
oy ?

3= [Exy) N

—00 —00

]dxdy,(Z)

®3)

whereJ; is the axial projection of the OAM vectd\ is
the density of the energy (power) of light, Imhe tmag-
inary part of a complex numbeE is the complex con-
jugation of the amplitude (1). Substituting (1)air{2) and
(3), we get a simple expression for the normali@&dvi
of the light field (1):

i_ ksin 2o (Wz_wz)

w 8f oo

It is seen in Eq. (4) that the OAM is zero if thauSs-
ian beam is circulam{=wy) or if the lens is not inclined
with respect to the vertical axia € 0). If all other condi-
tions are the same, then the OAM (4) is maximaltifier
angle 45 deg. It is also seen in Eq. (4) that tAdf
the beam (1) is generally fractional, althoughaih de in-
teger. The less is the lens focal distance andatiger is
the ellipticity of the beam (1), the greater is Q&M.
The OAM sign is determined by the axis along wittoh
Gaussian beam is stretched in its waist. It can als
shown that adding an elliptic wavefront to the Gaaus
beam does not affect the normalized OAM, i.e. &t
complex amplitude (1) is multiplied by exai?+iayy?)
(ax anday are some real numbers), then the normali
OAM of such beam is still defined by Hg). This means
that the normalized OAM grows with the area of éhe
liptic light spot (which depends om, andwy). The ad-
vantage of the beam (1) is that it can be genenaithaut
additional elements, without the light modulatoitheut
spiral phase plate or a fork hologram. Only twairayti-

(4)

cal lenses are needed for its generation, one a¢hwi

generates an elliptic Gaussian beam, while ther gtae-
erates the OAM.

Now we estimate the OAM for specific values of vd
iables in Eq. (4). Gaussian beam can be treaterasi-
al if its waist radii exceed the wavelength. Letgé radii
be equalwx=2 mm andwy=1 mm, with the focal length
beingf=10 mm, the wavelength=0.5um, and the lens
inclination angle 45 degrees £ 174). Then the OAM in

Below, in difference with [7], we show that theil
tic Gaussian beam is rotating after passing thiearytal
lens. Let's derive equations to describe propagatidhe
beam (1) and show that no isolated intensity raylsear
on propagation, i.e. the beam (1) is not a vortea sin-
gular beam [9-12]. The Fresnel transform of the com-
implex amplitude (1) reads as

E(en.7)= —ik

(2 q 3

X

)
xexp| A(2)&+ B(9n*+ q 3En],
where
_ik K k*sin® 20
D=, a7 p(z)+ 64 f 2 B( 2 q(y
_ik K __ik’sin
B@= s a2 “P 8B gy ay ©
1 ik 1 ik KZsirt &
P(=—+—, dI=—=+_—+——
w2z, W, 2z, 16f°p(2
_ zf _ zf
Z‘_zcoszot—f' Zy_zsirfO(—f'

It is seen in E(5) that the Gaussian beam (1) pre-
serves its Gaussian shape on propagation, but ebatsy
scale and rotates. H®) is simplified significantly for
o =774 andz=2f, sincez— o andz,— o for these values:

E(&n,z=2f)=-2y"x
ik 2  n? | ikén (7
xexp — (&2 +n?)- - + ,
where
16f2 1/2

It is seen in Eq. (7) that at the distarzee2f the ellip-
 tic Gaussian beam (1) is rotated by 90 degreesnahd
ened sinceg>1.

ed 2. Generation of an elliptic Gaussian beam

In [7], an elliptic Gaussian beam has been gergiate
using two cylindrical lenses. However, one cyliodtilens
is sufficient for generation of converging or digierg el-
liptic Gaussian beam. Now we consider this in detait a
cylindrical lens with the curvature along theaxis and
with focal lengthf; be placed into the waist of a conven-
tional circular Gaussian beam with the waist radius
Then the complex amplitude of the elliptic Gaussiaam
r_at a distance behind the cylindrical lens reads as

E(xy, 2=

_ 1 exp{_ S 4 ] 9)

J%(2) a(3 we (2 wq(3)
where

EqQ. (4) equals 471.24.
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G(2=1+iZz , q(3= ¢( = ff
wL(2=q(3(+iz/ )", z= kivz.

If a cylindrical lens with the focal lengthis placed
into the light field (9) and rotated by an anglethen the
complex amplitude immediately behind the lens is

E(x Y. 2=

:mdamaf“w{} X Y jx (11)

(10)

We (2 Wq(3
p[ ik’ coga  iky? sirfa ikxysinﬁ]
xexp| - - - .
2f 2f 2f

The normalized OAM of the beam (11) reads as
ic(mkmmjl%F_l%F _
w 8f ) Re{q) Rdq)

(=)o)

It is seen in Eq12) that the OAM tends to zero 4
fi— o, since the beam (11) tends to the conventio
Gaussian beam. It is also seen in(&g) that increasing of
the distance between the first cylindrical lens with the fd
cal lengthf; and the second cylindrical lens with the fog
lengthf allows unlimited increasing of the OAM of a las
beam. Atz=0 andz=2f, the OAM (4) is also equal to ze
ro, since the Gaussian beam has a circular shape.
OAM (12) has maximal positive value atf;, i.e. when
the second cylindrical lens is placed in the fozfuthe first
one. Then, instead of HJ.2) we get£=f,)

_ kw?sin 2o

J
L= 13
W 8f (13)

12)

Forw,=w andwx=0, Eq. (13) coincides with the ex-

pression (4) for the OAM. Az>2f; the OAM (12)

changes its sign (becomes negative) and is incrgdsi

modulus) with increasing distanee This growth of the
normalized OAM is due to the widening of the eltipt
Gaussian beam during the propagation from the diyst
lindrical lens to the second one. The area of itjte kpot
increases and, as we concluded above, it makesothe
malized OAM increase as well.

3. Numerical results

Using the Fresnel transform, intensity and phase
tributions of the field (1) were computed for sele
propagation distances from the cylindrical lense Tbl-
lowing parameters were used: wavelength 532 nm,
Gaussian beam waist radii =20\ andwy, =10\, cylin-
drical lens focal lengthi=10Q0\, inclination angle of the
lens from the Cartesian coordinates 174, computation
area R<x, y<R Normalized OAM density of the field
(1) was computed by using the expression:

j. =K (x,Y)@1)* (¥ - x).

Fig.1 shows distributions of intensity, phase and OAM
density of the elliptical Gaussian beam (1) for diféeerent
distances after the cylindrical lens. It is seeffrigu1 that
the elliptic Gaussian beam rotates on propagatiter a
passing the cylindrical lens. The OAM density resavith
the beam synchronously, while the total OAM is aiety
preserved and is equal J@W=3n/4. It is also seen that at
the double focal distance the Gaussian beam igduloy
90 degrees (Fig.cl left column) with respect to its initial
position (Figla), as predicted by E(7).

- q-y“.
5=
N\ N\
N
o :

Fig. 1. Distributions of intensity (left column), phgseiddle

column) and OAM density (right column) of the figldl at

different distances from the initial plane: (aF 2 (R= 404);
(b) z=f (R=401); (c) z= 2f (R=801)

Conclusion

The following results are obtained in the paper. An
explicit analytical expression is derived for thebital
angular momentum of a vortex-free laser beam, geeer
from a conventional Gaussian beam by using twoneyli
drical lenses, which are located at some distanom f
each other and which are rotated with respectc¢h eth-
er by some angle. This result generalizes an earbe
tained result for the beam, generated by one aytiad
lens from an initially elliptical Gaussian beam.[If] con-
trast to [7], in this work explicit expressions aterived
yj for the complex amplitude of a elliptic Gaussiaraine
generated by a cylindrical lens. Such beam is shtwwvn
rotate on propagation, while remaining being aiptd!
Gaussian beam. At the double focal length, intgrdis-
tribution is rotated by 90 degrees.
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