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Abstract 

We obtained a solution of the Liouville equation for a system of three identical qubits interact-
ing without detuning with a thermal field of a cavity with a Kerr medium, for two type of initial 
pure genuine W-entangled qubits states. On its basis, three entanglement parameters: fidelity, tan-
gle and pairwise negativities were calculated. We obtained that sudden death of entanglement 
takes place for large intensities of the cavity thermal noise for all considered W-states. We also 
showed that Kerr nonlinearity prevents the destruction of the initial qubits entanglement induced 
by the thermal noise of the cavity and eliminates the sudden death of entanglement. 
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Introduction 

Multiqubit entanglement is highly relevant to solve 
the fundamental problems in quantum physics and plays a 
key role in quantum computation, quantum communica-
tion and so on [1 – 3]. To implement quantum computing 
operations, we need to create a series of universal gates: a 
two-qubit gate such as controlled NOT or CNOT plus 
single-qubit gate. Numerous references to possible physi-
cal implementations of two-qubit gates are presented in 
[4]. As a universal alternative, three-qubit gates, such as 
controlled-controlled-not gate (Toffoli gate) or con-
trolled-SWAP gate (Fredkin gate), are possible. There-
fore, it is particularly important to investigate the entan-
gled states of three-qubit systems. Separable, biseparable 
and genuine entangled GHZ- and W-type states are pos-
sible for three-qubit systems. W-states are maximally sta-
ble not only to the loss of particles, but also to the influ-
ence of noise. The entangled W-states of qubits are used 
in quantum information processing. Three-qubit entan-
gled states of both types were subsequently realized ex-
perimentally for superconducting qubits as well as for 
ions in traps (see references in [5 – 8]). 

To generate, operate and control the entangled states 
of qubits the electromagnetic fields of the cavities are 
used. The cavities used in quantum informatics systems 
have finite temperatures which extend from nK for the 
ions in magnetic traps to room temperatures for the NV-
centers in diamond (see Refs. in [9, 10]). Such cavities 
always contain thermal photons. So, there is a wide varia-
tion in the intensities of the thermal fields of such resona-
tors. The effect of the thermal noise of the cavity on the 
qubits leads to the Rabi oscillations of the entanglement 
parameters of the qubits. As a result, the effect of the 
sudden death of entanglement may occur. In our work 
[10], we have studied in detail the entanglement dynam-
ics of the system of three qubits interacting with a cavity 

thermal field of the resonator for separable, biseparable 
and genuine entangled W-type states. The negativity of 
the pairs of qubits in the three-qubit system was chosen 
as an the entanglement parameter. It would be interesting 
to generalize this investigation to a three-qubit system in 
the cavity with a nonlinear Kerr medium.  

The Kerr media are widely used in a nonlinear quan-
tum optics for squeezed states generation [11], ultrashort 
pulses creation [12] etc. For average phase shift of light 
beam in nonlinear Kerr media per photon we have 
Kerr

 = Г /, where Г is the Kerr constant and  is the pho-
ton decay rate. Typically, for atomic systems in a cavity 
the condition  > Z takes place. In such a situation, the 
Kerr environment has little effect on atomic behavior. But 
recently, the ratio Z / > 30 has been achived for super-
conducting circuit (transmon) inserted in a microwave 
cavity [13]. This ratio is sufficient to produce the single-
photon regime. Earlier, we investigated the influence of 
Kerr nonlinearity in the two-qubit entanglement induced 
by a thermal noise of infinite-Q cavity (see Refs. in [14]). 
We established that Kerr media can greatly enhance the 
amount of entanglement and eliminate the phenomenon 
of the sudden death of entanglement [15 – 18]. It would 
be interesting to generalize these results to model 
consisting of three qubits in a cavity.  

In the present work, we investigate the influence of 
the Kerr media on the entanglement of the system of 
three identical qubits interacting with the single-mode 
thermal field of the lossless cavity for the initial W-type 
entangled states. We studied the dynamical behavior of 
three possible measures of the qubits entanglement. We 
performed a comparative analysis of the behavior of neg-
ativity of pairs of qubits, tangle and fidelity. 

1. Model 

Let we have three identical qubits Q1, Q2 and Q3 reso-
nantly interacting with the single-mode field of a lossless 
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cavity. The interaction Hamiltonian of the consider model 
in the standard approximations has the following form 

 
3

2 2
kk

1
H ,

k

a a Гa a   



        (1) 

where σk
  and σk

  are the rasing and the lowering opera-
tors in the k-th qubit , a+ and a are the creation and anni-
hilation operators of the cavity photons,  is the qubit-
field coupling and Г is the Kerr nonlinearity. 

Let the initial states of qubits be the W-type genuine 
entangled states such as  

1 1 1 1| X 1,1, 2 1, 2,1 2,1,1TQ x y z        (2) 

with | x1|2 + | y1|2 + | z1|2 =1 or 

2 2 2 2| X 2,2,1 2,1,2 1, 2,2TQ x y z        (3) 

with | x2|2 + | y2|2 + | z2|2 =1. Here |1k is the ground state and 
|2k is the excited state of k-th qubit (k =1, 2, 3). 

To generate the W-type entangled state one can use 
the different sets of universal gates. A natural way to 
implement these is to apply a resonant microwave pulses 
with definite durations and use the XY, ZZ or Heisenberg 
type interaction between qubits. For instance, M. Neeley 
and coauthors [5] used the so-called iSWAP universal 
gate to produce three-qubit entangled state of the form (2) 
for superconducting phase qubits. The iSWAP gate is a 
perfect entangling version of the SWAP gate. The authors 
of the paper [5] described the scheme of the three-qubit 
entangled state (2) generation in the following manner. 
The state (2) is a superposition of three states each with 
one qubit excited. Thus, generating the state requires 
“sharing” a single excitation symmetrically among three 
qubits. This is done by first applying a π-pulse to qubit Q2 
to excite it with one photon and create the state |1, 2, 3ñ. 
To realize this operation and subsequent operations each 
qubit is controlled individually by a flux bias line that 
provides quasi-d.c. pulses for tuning the qubits in and out 
of resonance and a.c. (microwave) control signals for 
qubit rotations. In addition, each qubit is coupled to a 
superconducting quantum interference device (SQUID) for 
read-out of the qubit state. Then the qubits are entangled by 
turning on an equal interaction between all pairs for time 
tW

 = (4/9) tiSWAP, where tiSWAP
 = 2π /γ is the time needed to 

complete an iSWAP gate between two qubits. To achieve 
symmetric interaction between all pairs of qubits the 
capacitive coupling network is used. This interaction 
described by XY Hamiltonian of the form  

12 13 23H H H ,H      

where  ij i j i j
x x y yH γ / 2 σ σ σ σ .   The interaction distribute 

the excitation among the qubits. A final Z-rotation can then 
be applied to correct the phase of qubit Q2 . 

C.F. Roos and coauthor experimentally produced the 
three-qubit W-state of the form (2) using an elementary 
ion-trap quantum processor [6]. For the investigation of 

tripartite entanglement, they trap three 40Ca ions in a 
linear Paul trap. Qubits are encoded in a superposition of 
the S1/2 ground state and the metastable D5/2 state. Each 
ion-qubit is individually manipulated by a series of laser 
pulses on the quadrupole transition, with the use of 
narrow-band laser radiation tightly focused onto 
individual ions in the string. The ions electronic qubit 
states are initialized in the S state by optical pumping. 

S. Dogra and coauthor experimentally produced three-
qubit W-type entangled states of the form (2) using on a 
nuclear magnetic resonance (NMR) quantum-information 
processor [7]. The three-qubit system that be used for 
NMR quantum-information processing is the molecule 
trifluoroiodoethylene dissolved in deuterated acetone. 
The three qubits were encoded using the 19F nuclei. The 
interaction between spins was of ZZ-type. W-states can 
be constructed by the sequence operations: one-qubit π-
rotation and two CNOT and two CROT (controlled-
rotation) gates.  

K. R. K. Rao and A. Kumar explored the NMR 
quantum-information processor to a experimentally 
produced of the three-qubit W-type entangled states of 
the form (3) [8]. They used a 3-spin linear chain with 
nearest-neighbor Heisenberg-XY interactions The spin 
system chosen for the experimental implementation is 13C 
labeled dibromo-fluoro-methane (13CHFBr2), where 1H, 
13C and 19F act as three qubits. The generation of the W-
state of the form (3) was achieved by exposing the qubits 
to a specific sequence of NMR pulses. 

The initial state of the cavity field is a thermal with a 
density matrix 

,F p
p

w p p    (4) 

where 

  1/ 1 pp
pw p p         

and 

1 ,
exp(( Ω) ( )) 1B

p
k T

  


  

the mean number of photons of the resonator,  is the 
cavity mode frequency and T is the cavity temperature. 

2. Solution of the evolution equation  
and entanglement criteria calculations 

The whole density matrix of the considered system 
with Hamiltonian (1) obeys the quantum Liouville 
equation  

1 2 3
1 2 3

, , ,
, , ,,Q Q Q F

Q Q Q Fi H
t


   

  (5) 

with initial condition 

 1 2 3, , , | X X | 1,2 .Q Q Q F TQ ii TQ F i        
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Before considering the interaction between qubits and 
thermal field, we study two qubits simultaneously 
interacting with one-mode Fock state. For this aim we 
will find a solution of the quantum Schrödinger equation 
for time-dependent vector |Q1Q2Q3F

 (t)  

   1 2 3

1 2 3

|Ψ
|ΨQ Q Q F

Q Q Q F
t

i H t
t

 
 


  (6) 

with initial condition  

   1 2 3 0
Ψ | X  1, 2 .Q Q Q F TQ it

t n i


        

To obtain the solution of equation (6) we used the 
so-called "dressed" states representation. Suppose that 
the excitation number of the atom-field system is 
p ( p  0). The evolution of the system is confined in 
the subspace 

1,1,1; 3 , 2,1,1; 2 , 1,2,1; 2 ,  

1,1, 2; 2 , 2, 2,1; 1 , 2,1,2; 1 ,  

1, 2,2; 1 , 2, 2, 2; .

p p p

p p p

p p

     

     

  

  

Thus, the "dressed" states or eigenfunctions of the 
Hamiltonian (1) can be written as  

, , 1, 2, 1

3, 2 4,

Φ ( |1,1,1; 3 ; 2

; 1 2, 2,2; ),
i p i p i p i p

i p i p

X p X W p

X W p X p

       

    
 

where  

1

2

| ; 2 (1/ 3)(| 2,1,1; 2
|1, 2,1; 2 |1,2,1; 2 ),

| ; 1 (1/ 3)(| 2, 2,1; 1
| 2,1, 2; 1 |1,2,2; 1 ),

W p p
p p

W p p
p p

     
   

     
   

  

and  

,
2 2 2 2

1, 2, 3, 4,

1 .i p

i p i p i p i pX X X X
 

  
  

The coefficients Xij,p obeys the equations  

 
   
 

    
 

  

1 , 2 , , 1 ,

1 , 2 ,

3 , , 2 ,

2 , 3 ,

4 , , 3 ,

2 , 4 , , 4 ,

1 3 1 ,

3 1 3 1

2 3 2 ,

12 2 3 2 1

3 3 ,

3 3 3 2 ,

i p i p i p i p

i p i p

i p i p i p

i p i p

i p i p i p

i p i p i p i p

p p X p X X

p X p pX

p X X

p X p p X

p X X

p X p p X X

     

    

   

     

   

      

 (7) 

where  = Г/, i,p
 = Ei,p

 /ℏ. For model with Kerr 
nonlinearity the solution of equations (7) can only be 
found by numerical calculations. Here we present these 
for model without Kerr nonlinearity: 

  
   

11,

3
,

6 1 2 3

p p p p

p

A B C B
X

p p p

 


  
  

  
  

12,

3 3
,

6 2 3

p p p p

p

D B C B
X

p p

 


 
  

 
 

11, 14,,   1,
3 3

p p
p p

A B
X X

p


  


  

21, 11, 22, 12, 23, 13,

24, 14, 31, 21, 32, 22,

33, 23, 34, 24, 41, 11,

42, 12, 43, 13, 44, 14,

, ,  , 
,  ,  ,  
,  ,  ,  
,  ,  ,

p p p p p p

p p p p p p

p p p p p p

p p p p p p

X X X X X X
X X X X X X
X X X X X X
X X X X X X

    
 

   
 



 

  

where  

 4 3 2 2 ,pA p p      

   219 16 3 3 4 3 1 ,pB p p p        

   3 2 3 2 ,   3 2 3 2 .p pC p D p        

The corresponding eigenvalues are  

1, 2,3 ,  3 ,p p p p p pE A B E A B          

3, 4,3 ,  3 .p p p p p pE A B E A B          

Assume that the considered system is initially in the 
state |TQ,1| p with 1 1 1 1/ 3x y z   , then at time t, 
the whole system will evolve to  

 1 2 3 12, 2

22, 2 1 32, 2 2

42, 2

|Ψ | , , ; 1
| ; | ; 1
| , , ; 2 ,

Q Q Q F p p

p p

p

t V p
V W p V W p
V p



 



       
     
     

  

where  

2, 1, 1, 2 , 1 ,

2, 2, 2 , 2 ,

3 3, 2 , 3 ,

4, 4, 2 , 4 ,

exp( / )
exp( / )
exp( / )
exp( / ) ,

i p p p i p i p

p p i p i p

p p i p i p

p p i p i p

V iE t Y X
iE t Y X
iE t Y X
iE t Y X

   
  
   
  








 (8) 

and  

 *
, , ,    1, 2,3, 4 .ij p j p ji pY X i    

If the initial state is |TQ,2| p with 
2 2 2 1/ 3x y z    the time-dependent state vector 

takes the form  

 1 2 3 13, 1

23, 1 1 33, 1 2

43, 1

|Ψ | , , ; 2
| ; 1 | ;
| , , ; 1 ,

Q Q Q F p p

p p

p

t V p
V W p V W p
V p



 



       
     
     

 (9) 

where the coefficients Vi3,p can be obtained from (8) by 
replacing Y2i,p with Y3i,p (i =1, 2, 3, 4). 
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Using the formulas (8) or (9) we can biuld the 
solution of the Liouville equation (5) as  

     1 2 3 1 2 3 1 2 3, , , |Ψ Ψ | .Q Q Q F p Q Q Q F pp Q Q Q F
p

t w t t      

Using these solutions for whole density matrixes 
Q1,Q2,Q3,F one can calculate the three-qubit reduced ma-
trixes 

1 2 3 1 2 3, , , , , ,Q Q Q F Q Q Q FTr    (10) 

the pairwise reduced two-qubit density matrixes 

 1 2 3, , , ; , , 1, 2,3 ,i j kQ Q Q Q Q QTr i j k i j k       (11) 

and one-qubit reduced density matrixes following form. 

 , , , 1, 2,3 .i j i jQ Q Q QTr i j i j      (12) 

Using the formulas (10) – (12) one can obtain all 
known entanglement criteria for qubits subsystem. The 
modern review of the theory of multipartite entanglement 
measures has been presented in [19]. 

In this paper, we concern our attention on calculation of 
three measures of multipartite entanglement that are most 
widely used in quantum informatics. The first of them is the 
fidelity. This parameter shows the degree of coincidence be-
tween time-dependent three-qubit state and initial state. In 
the case of a thermal field of a cavity, the state of the qubits 
at an arbitrary moment of time is mixed. The fidelity for 
mixed states of qubits was proposed in [20] 

   2
1/2 1/2, ,Ф tr        

where  is the initial three-qubit density matrix and  is 
the three-qubit density matrix for t > 0. When the initial 
density matrix  describe the pure state we have    . 
For initial pure qubits state (2) and (3) the initial density 
matrixs are  = | XTQ ii TQX| (i = 1,2). In this case the 
fidelity can be writing in the form 

   1 2 3

1 2 3 1 2 3

2

, ,

, , , ,

| X X X X |  

X X (| X X | ).

TQ ii TQ Q Q Q TQ ii TQ

i TQ Q Q Q TQ i TQ ii TQ Q Q Q

Ф t tr

tr

      

       
 

For initial pure entangled qubits state (2) and (3) 
fidelity  (0) =1. 

As the second criterion of the qubit entanglement we 
used the tangle [21]. For thee-qubit system tangle takes 
the form 

       1 1 2 1 3, ,T T T T , Q Q Q Q Qt t t t     

where  1 1
2

,T 4 , T i jQ Q Q Q ijt det S    and Sij is the concur-
rence (Wootters criterion) between qubits i and 
j (i  j, i, j, = Q1, Q2, Q3) [22]. The two-qubit concurrence 
defined by a standard manner as  

          1 2 3 4 ,0 ,ijS t max t t t t          

where 1, 2, 3, 4 are the eigenvalues, in decreasing or-
der, of the Hermitian matrix  

, , , .i j i j i jQ Q Q Q Q Q     

Here  

   *
, , ,i j i jQ Q y y Q Q y y         

and  

0
0y
i

i
 

   
 

 

is the Pauli matrix (y-component). For initial entangled 
W-states (2) and (3) the tangle at the initial time T(0) = 0. 

As the third entanglement criterion we used the 
pairwise negativity (Peres-Horodeckii criterion). Two-
qubit negativities has the form [23 – 25] 

   

 

12 ,12 23 ,23 
  

13 ,13  

2 ,     2 ,

2 ,

l l
l l

l
l

t t

t

 



       

   

 


  

where l̄,12 l̄,23 and l̄,13 are the negative eigenvalues of 
the two-qubit density matrixes partially transposed in var-
iables of one qubit    1 1

1 2 2 3, ,,  T T
Q Q Q Qt t   and  1

1 3,
T
Q Q t  cor-

respondently. For entangled qubits i and j we have 
0 < ij

 1. The value  = 1 correspond to maximal amount 
of entanglement between qubits i and j. 

3. Results and discussion 

The results of computer modeling of the fidelity, tangle 
and pairwise negativities for entangled qubits states (2) and 
(3) and thermal field are shown in figs. 1 – 4. Fig. 1 pre-
sented the three introduced parameters as a functions of 
scaled time t. The initial entangled qubits state (2) and dif-
ferent values of the mean number of photons in the cavity 
mode assumed to be under consideration.  

An analysis of the time behavior of all three parame-
ters shows that with increasing thermal noise intensity, 
the maximum amount of entanglement of both the pairs 
of qubits and three qubits decreases. A comparison of the 
fig. 1a and b shows that behavior of the fidelity and pair-
wise negativity for different values of mean photon num-
bers. But the behavior of negativity allows us to note 
some features in the dynamics of qubits entanglement 
that are absent in the dynamics of tangle or fidelity. This 
demonstrates the effect of sudden death of entanglement 
for large thermal field intensities. Fig. 1b clearly shows 
that at some times the pairwise entanglement disappears 
abruptly and remains zero for a finite time before being 
reborn. This means there is an sudden death of entangle-
ment. Calculations show that the effect of sudden death 
of entanglement is absent only for low intensity thermal 
fields and for the initial truly entangled state (2). It is also 
worth noting that the larger the mean value of the photon 
number, the longer is the period of time during which 
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there is no entanglement of qubits. Fig. 2 demonstrates 
the same as in fig. 1 but for another initial qubits state (3). 
Comparing the behavior of entanglement parameters in 
fig. 1 and 2 we can established that maximum entangle-
ment amount for state (3) decreases significantly faster 
than that state (2) as the mean number of photons in-
creases. One can see from fig. 2b that, unlike the previous 
case, the sudden death of entanglement takes place for all 
intensities of the thermal field and the periods of the en-
tanglement lack becomes much longer. The presented re-
sults allow us to conclude that the genuine three-qubit en-
tangled states (2) are more stable with respect to thermal 
noise than genuine entangled states (3) and therefore are 
better suited for quantum information processing.  

a)  

b)  

с)  
Fig.1. Fidelity  ( t) a), negativity ij ( t) b) and tangle T ( t) 

c) as functions of rescaled time  t for model without 
nonlinearity and initial entangled state (2) with 

1 1 1x = y = z = 1 / 3 . The mean number of thermal photons: 
ápñ = 0.001 (solid line), ápñ = 1 (dashed line), ápñ = 2.5 (dotted line) 

Fig. 3 shows the entanglement parameters as func-
tions of rescaled time t for initial entangled qubits state 
(2), fixed values of the mean photon number and different 
values of the Kerr nonlinearity. The time behavior of all 
curves demonstrate that nonlinearity greatly enhances the 
maximum value of entanglement induced by a thermal 
noise. Thus, the Kerr media stabilizes the initial qubits 

entanglement. Fig. 3c also shows that Kerr nonlinearity 
eliminates the effect of the sudden death of entanglement. 
Fig. 4 shows the same as in fig. 3 but for initial state (3). 
Comparing the behavior of entanglement parameters in 
figs. 3 and 4 one can see that the dependences of qubit 
entanglement parameters on the nonlinearity for states (2)  
and (3) are qualitatively very similar. However, compar-
ing fig. 3c and fig. 4c, we can conclude that the phenom-
enon of sudden death of entanglement disappears at much 
smaller values of the Kerr nonlinearity for the initial state 
(3). Summarizing, we can note that Kerr nonlinearity can 
act as an effective mechanism for operating and control-
ling the thermal entanglement of a three-qubit systems. 

a)  

b)   

c)  
Fig.2. Fidelity  ( t) a), negativity ij ( t) b) and tangle T ( t) 

c) as functions of rescaled time  t for model without 
nonlinearity and the initial entangled state (3) with 

2 2 2x = y = z = 1 / 3 . The mean number of thermal photons: 
ápñ = 0.001 (solid line), ápñ = 1 (dashed line), ápñ = 2.5 (dotted line) 

Conclusion 

We investigated the dynamics of the system of three 
identical qubits resonantly interacting with a the single-
mode thermal field of an infinite-Q cavity with Kerr non-
linearity. The genuine entangled W-type states of 
qubitswere in the focus of our attention. To generate such 
entangled W-type states, an NMR quantum information 
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processor and elementary quantum processor with an ion 
trap, can be used. We obtained the solutions of the evolu-
tion equation for the density matrix of the system “three 
qubits+field mode” with Hamiltonian (1). We used this 
solution to calculate the of three entanglement parame-
ters: fidelity, tangle and pairwise negativity. The results 
of investigations of the entanglement parameters time de-
pendences showed that the thermal field destroys the ini-
tial entanglement of qubits and the sudden death of en-
tanglement takes place for almost all considered initial 
qubits states. An exception is the case when the qubits are 
prepared in the initial state (2), and the field is in thermal 
state of low intensity. We also concluded that the genu-
inethree-qubit entangled states (2) are more stable with 
respect to thermal noise than states (3). It was also found 
that Kerr nonlinearity weakens the degradation of the ini-
tial qubits entanglement and eliminates the sudden death 
of entanglement. Summarizing, Kerr nonlinearity can be 
considered as an effective mechanism that prevents errors 
from occurring in quantum information processing. 

a)  

b)   

c)  
Fig.3. Fidelity  ( t) a), tangle T ( t) b) and negativity ij ( t) 

c) functions of rescaled time  t for model with Kerr 
nonlinearity and initial entangled state (2) with 

1 1 1x = y = z = 1 / 3 . The fixed value of the mean number of 
thermal photons ápñ = 4. The Kerr nonlinearity: Г = 0 (solid 

line), Г = 2 (dashed line), Г = 5 (dotted line) 

a)   

b)  

c)  
Fig.4. Fidelity  ( t) a), tangle T ( t) b) and negativity ij ( t) 

c) functions of rescaled time  t for model with Kerr 
nonlinearity and initial entangled state (3) with 

2 2 2x = y = z = 1 / 3 . The fixed value of the mean number of 
thermal photons ápñ = 4. The Kerr nonlinearity: Г = 0 (solid 

line), Г = 2 (dashed line), Г = 5 (dotted line) 
When calculating the entanglement parameters of 

three qubits in the framework of the considered model, 
we the interaction of our system with environment. The 
investigation of the entanglement dynamics of the con-
sidered systems with taking into account the dissipative 
processes in non-markovian approximation will be a sub-
ject of our next paper. 
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