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Abstract 

The laser threshold of the eigenmodes in cholesteric liquid crystal (CLC) cells are calculated. 
The influence of gain on light localization was investigated. The influence of absorption and gain 
on the light energy density in the CLC layer both at isotropic and anisotropic absorption and gain 
were investigated for the first time. The calculated threshold values were compared with analytical 
expression for laser thresholds obtained under the condition ImK<<1/d, where d is the CLC layer 
thickness, and K is the resonance wave vector.  

Keywords: cholesteric liquid crystal, laser threshold, eigenmodes, gain, absorption. 
Citation: Malinchenko AA, Vanyushkin NA, Bulanov AV, Gevorgyan AH. Laser generation 

thresholds of the cholesteric liquid crystal layer. Computer Optics 2025; 49(6): 916-923. DOI: 
10.18287/2412-6179-CO-1643. 

Introduction 

The study of the peculiarities of laser generation by 
a layer of cholesteric liquid crystal (CLC) is of both 
great theoretical interest and large practical application. 
The idea of laser generation in media with spatially pe-
riodic media was formulated by Kogelnik and Shank [1] 
and was later treated in many papers (see [2] and refer-
ences therein). Dowling and colleagues [3] reported 
that, with the inclusion of a fluorescent emitter, sponta-
neous emission would be suppressed within a photonic 
band gap (PBG) and enhanced at the band edges where 
there is a sharp increase in the photonic density of states 
(PDS). It is here at the PBG borders that lasing occurs 
on the inclusion of such a gain medium, as first for CLC 
reported in [4, 5]. Let us note that firstly in 1981, 
Il’chishin and coworkers [6] demonstrated the modifi-
cation of fluorescent emission in the presence of a PBG 
in CLC. Implementation of the Kogelnik and Shank idea 
in cholesteric and nematic liquid crystals has stimulated 
researcher interest in photonic crystal physics and has 
led to the creation of liquid crystalline lasers [7, 8]. In 
[9] proposed a model for laser generation in CLC's that 
makes use of kinetic equations for the excited states 
populations and generated light. Since 2000, a rapid the-
oretical and experimental study of the peculiarities of 
laser generation in a variety of different liquid-crystal 
structures and phases: in CLC phase, in the chiral smec-
tic phase, in polymeric liquid-crystals, in cholesteric 
elastomers, in solid cholesterics, in an intermediate 
phase between the chiral nematic phase and the smectic 
A phase, and in blue phases I and II, and in LC-contain-
ing structures, including CLC with defect in its struc-
ture, and also random lasing in CLC, were widely in-
vestigated. In addition, the tuning of the band edge las-
ing under the influence of external stimuli such as 

temperature, ultraviolet illumination, mechanical stress 
and external electric, magnetic and light fields have also 
been widely investigated (see Ref. [10 – 28] and the lit-
erature cited therein). The CLC layer gives rise to a po-
larization-sensitive laser generation. The main ad-
vantages of CLС lasers are their small size, simplicity 
of fabrication, possibility of mirrorless generation, pos-
sibility of smooth control of laser generation wave-
length in a wide range, possibility of multifrequency la-
ser generation, etc. 

In this paper for the first time, we investigated the las-
ing threshold peculiarities of the dye dopped CLC layer at 
isotropic and anisotropic gain, its dependence on CLC 
layer thickness and edge mode numbers. 

1. Models and methodology 

Let us consider light propagation through a planar CLC 
layer (Fig. 1). CLCs have a self-organized helical structure 
(it can be regarded as a 1D photonic crystal), the periodic 
structure of which gives rise to a polarization-sensitive 
photonic band gap (PBG) in the wavelength band 

o epn pn   , where on  and en  are the ordinary and ex-
traordinary local refractive indices of CLC. Within PBG 
only the circularly polarized light having the same hand-
edness as the CLC helix itself is selectively reflected (at 
normal light incidence) while transmitting light with op-
posite handedness. 

The tensors of dielectric permittivity and magnetic per-
meability of CLCs in the laboratory coordinate frame have 
the forms: 
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where  1 2 / 2,m         1 2 1 2 ,          
2

1,2 .e on   are the principal values of the local dielectric 
permittivity tensor, a = 2π / p, p is the pitch of the helix. 

 
Fig. 1. The geometry of the problem. The large ellipsoids 
represent the anisotropic molecules, which are rotating 

continuously forming a helicoidal structure along the z-axis. p 
is the helix pitch, that is the spatial period of the structure, d 
is CLCs layer thickness, ik , rk  and tk  are the wave vectors 
of the incident, reflected and transmitted waves respectively, 

the orange spheres represent the dye molecules. The CLC layer 
on its both sides borders with isotropic half-spaces with the 

same refractive indices equal to ns 

The exact analytical solution of Maxwell's equations 
for CLCs is known (see [29, 30]) and the dispersion equa-
tion has the form [30]:  

2
2 2

12

2
2 2 2 2

22
4 0,

m

m m

K a
c

K a a K
c

     
 

       
 

 (2) 

where mK  are the z components of wave vectors 
( 1 , 2,3,4)m  ,   is the cyclic frequency and c is the ve-
locity of light in vacuum. 

Using exact analytical solution of the Maxwell’s equa-
tions, and dispersion equation (2) we can solve the prob-
lem of light reflection, transmission, and absorption or am-
plification in the case of a planar CLC layer of finite thick-
ness. We assume that the optical axis of the CLC layer is 
perpendicular to the boundaries of the layer and is directed 
along the z-axis. The CLC layer on its both sides borders 
isotropic half-spaces with the same refractive indices equal 
to ns. The boundary conditions, consisting of the continuity 
of the tangential components of the electric and magnetic 
fields, are a system of eight linear equations with eight un-
knowns. Let us note that the analytical solution of this 
boundary-value problem is also known [31]. By solving 
this boundary-value problem, one can determine the values 
of the reflected rE  and transmitted tE  fields and calculate 
the total field in the CLC layer in every z point  in zE , 
and etc. 

2. Results and discussion 

Below, the ordinary and extraordinary refractive indi-
ces of the CLC layers are taken to be 2 1.4639on     
and 1 1.5133en    , the CLC layer helix is right-
handed, and its pitch is: p = 420 nm, CLC layer thickness 
is: d=50p. We will consider the light normal incidence case 
and the case of minimal influence of dielectric boundaries, 
that is the case s mn   . So, the light with right circular 
polarization incident on the CLC has a PBG which at these 

parameters of CLC layer is in the range about [615 ÷ 635] 
nm, but the light with left circular polarization does not. 
We investigate the peculiarities of the threshold for the 
eigenmodes. The eigenmodes have polarizations coinci-
dence with eigenpolarizations (EPs). By definition, the 
EPs are the two polarizations of incident light that do not 
change as the light passes through the system. One of the 
EPs approximately coincides with the right circular polar-
ization (we will call it the diffracting EP) and the other one 
with the left circular polarization (the non-diffracting EP). 

Now about PDS. The PDS is usually understood as the 
"number of states" with different wave vectors k in a unit 
spectral interval dω, which can be represented as 
ρ = dk/dω.  There exist several ways to calculate PDS 
which are described and compared in detail [32]. In many 
cases it is convenient to calculate it via so called phase time 
(or Wigner time)   which requires only spectral depend-
ence of transmission coefficient t:  
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where 1,2t  are the amplitudes of the transmitted wave, the 
values m = 1, 2 correspond to eigenmodes of the CLC 
layer, d is the CLC layer thickness,   is the light wave-
length. As in [33, 34], the effect of losses and gain we in-
corporate into analysis through introducing a small imagi-
nary part to the dielectric constants parallel and perpendic-
ular to the director: 1,2 1,2 1,2Re Imi     , 1,2Im 0   cor-
responds to absorption case and 1,2Im 0  , to amplifying 
case. And the director is the unit vector specifying the pref-
erential orientation of the long axes of CLC molecules 
which uniformly rotates in the plane perpendicular to helix 
axis. Below we will investigate some new peculiarities of 
relative photonic density of states of CLC layer 
eigenmodes 1,2 1,2 isoPDS     spectra. Here 

/iso m c   . 
We investigated also the peculiarities of spectra of the 

light energy density in the CLC layer at the isotropic and 
anisotropic absorption and gain cases, for two eigenmodes 
of CLC layer. The light energy density in the CLC layer 
will be calculated using the following formula [35]: 

  2

0

1 ,
d

inw E z dz
d

   (4) 

where  inE z  is total field in the CLC layer in the z point, 
and axis z directed along the CLC helix axis. 

Now we pass to investigate the thresholds of laser gen-
eration at edge modes. First of all, in this paper we do not 
take into account nonlinear effects like pump depletion, so 
the amplification coefficient is uniform and fixed along the 
entire volume of the structure. However, since we consider 
the pre-threshold regime and moreover, a very thin longi-
tudinally active region, the pump depletion can be 
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neglected. Nevertheless, it can be assumed that a strict ac-
count of depletion will lead to a small increase in the 
threshold in the whole spectrum and a small change in the 
longitudinal gain distribution and field distribution, which 
in turn are determined by the specific pumping method. 

We will consider our CLC to reach the lasing threshold 
when the transmission coefficients 1,2t  of the eigenmodes 
turn into infinity [36, 37]. This condition can be interpreted 
as when lasing is achieved, one can see a finite outcoming 
wave in the absence of any incoming wave. So, if the con-
dition  1,2 1,21 / , Im 0t     is satisfied for some pair of pa-
rameters  1,2, Imth th  , where 1,2Im 0   is the amplifica-
tion, then the lasing is achieved at the wavelength th  with 
the lasing threshold 1,2 1,2g Im th  . It is also worth noting 
that the lasing can be achieved only at specific wave-
lengths while at all other wavelengths the lasing is impos-
sible no matter how much the amplification is. These 
wavelengths are known as wavelengths of localized edge 
modes. Also, it’s worth noting that in this paper we de-
scribe the amplification in terms of imaginary parts of di-
electric permittivity components. Another common way to 
describe it is to use imaginary part of refractive indices but 
both methods can be used interchangeably. 

In [38] an analytic theory of localized edge modes in 
CLCs was developed. The boundary value problem for lo-
calized eigen modes was solved for diffracting eigenpolar-
izations. To find these localized modes, they solve the ho-
mogeneous system of the above boundary value problem 
with zero values of Eir and Eil amplitudes of the waves in-
cident on the layer of CLC from the right and the left. The 
solvability condition of the obtained homogeneous system 
determines the discrete frequencies of these localized 
modes and has the following form [38] 
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where 2(2 ) 1 ,K          is the resonant wave 
number of CLC determining from (2), 2 24     , 

 p    . In the general case, solutions of (4) for the 
edge mode frequencies EM  can only be found numeri-
cally. The edge mode frequencies EM  turn out to be com-
plex quantities, which can be written  0 1EM i     , 
where  is a small parameter in real situations. At suffi-
ciently small , ensuring the condition Im 1/K d  these 
wavelengths approximately coincide with the zeros of the 
reflection coefficient at absence of absorption, determined 
by the conditions [38]: 

,Kd m   (6) 

where m is the edge mode number, which increases as the 
wavelength departs from the PBG edge (m = 1 corresponds 
to the wavelength closest to the PBG edge). 

Two primary factors are important for band edge laser 
emission to occur in CLC structure [10]. First, an active 

medium of some form must be present. This can be either 
a rare-earth element or a laser dye. The dye can either be 
dispersed into the liquid-crystal matrix or it can form a 
subunit of the liquid-crystalline molecule. The second fac-
tor is the spectral position of the PBG relative to the emis-
sion spectrum of the light emitter. To achieve laser action, 
one of edges of the PBG or both must overlap the emission 
spectrum, and these must be matched to maximize cou-
pling efficiency and thus achieve the lowest possible 
threshold. Then, we must keep in mind that the dye-doped 
CLC layer is an absorbing medium, and it becomes ampli-
fying in the presence of pumping beam.  

Now let us proceed with the study of the calculation of 
the laser generation thresholds and the peculiarities of light 
localization. We will calculate the exact values for the la-
ser thresholds on the basis of the Berreman method [39], 
and the field in the CLC by the method described in [35, 
40], without any approximations. Then we compare these 
exact values for laser generation thresholds with their ap-
proximate analytical expression for laser thresholds ob-
tained in [38, 41, 42]. 

Fig. 2 shows the spectrum of PDS for diffracting 
eigenmode at the absence of absorption and gain (solid 
line) and values of threshold  1 2g g g / 2   for the same 
eigenmode in the case of isotropic and anisotropic gain. 
First of all, in Fig. 2 we can clearly see also the decrease 
in the lasing threshold of laser modes near the boundaries 
of the PBG, while inside the PBG itself laser generation is 
not observed at all. But it is interesting that this change 
does not take place continuously for all wavelengths, but 
in discrete paces, as mentioned above. It takes place only 
on edge modes wavelengths. Let us note also that unlike 
the PDS in a quarter-wave stack [43], the PDS profile of 
a non-absorbing CLC is nonsymmetric with respect to the 
center of the PBG. The shortwave peak of PDS turns out 
to be larger than the longwave one. And, as can be seen 
in Fig. 2 at isotropic gain the value of shortwave thresh-
old for edge mode with m = 1 is slightly smaller than the 
longwave one. 

Interesting features are observed in cases of anisotropic 
amplification, in particular, there appears a pronounced 
asymmetry in the wavelength dependence of thresholds 
with respect to the center of the PBG. In the case of at 

1g 0  and 2g 0 , the thresholds of laser generation on 
short-wavelength edge modes are much larger than on the 
corresponding modes in the case of isotropic gain. And on 
long-wavelength edge modes the thresholds decrease in 
comparison with the case of isotropic gain.  In the case at 

1g 0  and 2g 0  we have the opposite picture. Let us 
pay special attention also to the fact that the threshold val-
ues for the first short-wave mode at 1g 0  and 2g 0  
and for the first long-wave mode at 1g 0  and 2g 0  are 
less than the corresponding threshold values at isotropic 
gain. This is due to the effects of anomalously strong ab-
sorption/amplification and absorption/amplification sup-
pression effects in CLC [34, 44]. As well-known if the in-
cident light has the diffracting EP and if the light frequency 
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is in the PBG region then the total wave exited in the me-
dium has linear polarization. Then, if the frequency of light 
varies the angle between directions of an electrical field of 
a total wave and the CLC local director also vary and near 
the short-wavelength boundary of a PBG the total wave 
field appears directed along the direction perpendicular to 
local director (appropriate to direction 2 ) . With the in-
crease in the incident light wavelength the total-wave field 
direction rotates and near the long-wavelength boundary 
of a PBG the total wave field is directed along the local 
director (appropriate to direction 1) . Therefore, when the 
oscillators of absorption in the molecules of CLC are di-
rected along the director, then at the long-wavelength 
boundary of the PBG the anomalously weak absorption 
will be observed. When the oscillators of absorption are 
directed perpendicularly to the direction of the director, 
minimum absorption will be observed at the short-wave-
length boundary of the diffraction reflection region. Out-
side the PBG, this total wave has an elliptical polarization 
with the lowest ellipticity near the boundaries of the PBG. 
As we move away from the PBG, the ellipticity of this total 
wave increases and away from the PBG the total wave has 
almost circular polarization. 

Let us note that for the majority of the studies carried 
out so far, the long-wavelength band edge has proven to be 
the lowest-threshold mode. It is because the transient di-
pole moment of the dye is usually spontaneously orien-
tated along with the local director at each point, which cor-
responds to the case 1g 0  and 2g 0 , and that the long 
wavelength part of PBG usually overlap the emission spec-
trum in these experiments and, moreover total wave field 
appears directed along this direction. Let us also note here 
that the isotropic gain 2 1g g 0   case corresponds to an 
isotropic orientational distribution of the transition dipole 
moments to the local director. 

Thus, in order to experimentally detect a significant 
difference between the thresholds near the two PBG 
boundaries in the two cases of anisotropic gain, in particu-
lar, to detect that the lowest threshold must observed on 
the first shortwave edge mode, it is necessary to perform 
laser generation experiments with the same CLC with the 
addition of dyes in it of two types, namely with a dye 
whose transition dipole moment of dye molecules sponta-
neously orientate along the local director of the CLC at any 
point of the structure and secondly with a dye whose tran-
sition dipole moment of dye molecules spontaneously ori-
entate perpendicular to the local director of the CLC at any 
point of the structure. As already mentioned, experiments 
of the first type have already been carried out. To obtain 
dyes the transient dipole moment of molecules which can 
spontaneously orientate in a certain direction relative to the 
director and the dye molecules orientation mechanisms is 
of great interest and research in this direction is being car-
ried out intensively [45 – 47]. 

Of cause, for the dye emission (as well as for the pump-
ing beam propagation inside the active medium), in real 
experimental situations one has to take into account 

various loss mechanisms too, including linear absorption, 
light scattering from imperfections, cavity losses due to 
light escaping from the cavity, and Förster resonance en-
ergy transfer when two chromophores are involved [10].  

 
Fig. 2. The spectrum of PDS for diffracting EP at the absence 
of absorption and gain (solid line) and values of threshold g  

for lasing modes in the isotropic (red dots: 1 2 g g 0   
and anisotropic (blue dots: 1 2g 0, g 0;   green dots:

1 2  g 0,  g 0  ) gain cases 

Now we investigate the peculiarities of the light field 
intensity 2

inE distribution inside the CLC layer at the 
presence of gain and the energy density w  spectra peculi-
arities of CLC layer at the presence of absorption and gain. 
As shown in [34, 37] usually w PDS , and   2

inE z  at 
the absence of absorption and gain shows the local PDS. 

Fig. 3 shows the dependence of   2
inE z  at the ab-

sence of absorption and gain (curve 1) and at the presence 
of gain (curves 2 and 3). As it is seen on Fig.3 the presence 
of gain (of course at its small values, see below) brings to 
increase in 2

inE  and with increase of gain the change of 
wavelength of edge modes take place, too (at 

1 2Im  Im 0     and at 4
1 2Im Im 10      for edge 

mode 1n   we have 613.1 nm  , while at 
3

1 2Im Im 10       we have 613.3 nm  ). 

 
Fig. 3. The dependence of   2

inE z  at the absence 
of absorption and gain (curve 1) and at the presence of gain 

at (curves 2 and 3) on the first short wavelength edge mode with 
1n  . 1: 1 2Im Im 0; 613.1 nm      . 

2: 4
1 2Im  Im 10 ; 613.1 nm       . 

3: 3
1 2Im  Im  10 ; 613.3 nm       

Fig. 4 shows the evolution of the energy density w  
spectra for the case when the absorption (left column) and 
gain (right column) increases. Absorption and amplifica-
tion we characterize by the parameter ln( Im )mx   . The 
first row corresponds to the isotropic absorption and gain 
( 1 2Im Im   ), the second row corresponds to the aniso-
tropic absorption/gain case with 1 2Im 0, Im 0    , and 
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finally, the third row is for the case of the anisotropic ab-
sorption/gain case with 1 2Im 0, Im 0    . 

         

   

      
Fig. 4. The evolution of the energy density w  spectra for the 

case when the absorption (left column) and gain (right column) 
increase. Absorption and gain is characterized by the 

parameter ln( Im )mx   . The first row corresponds to the 
isotropic absorption and gain ( 1 2Im Im   ), the second row 

corresponds to the anisotropic absorption/gain case with 
1 2Im 0, Im 0    , and finally, the third row is for the case 

of the anisotropic absorption/gain case with 1 2Im 0, Im 0     

When the absorption increases, the w  on edge modes 
monotonically decreases. While, when the gain increases, 
the w  is increased too, however the further increment of 
the gain leads to a resonance-like change in the w  and 
then the w  is diminished․ There is a critical value of the 
parameter x  beyond which the localisation of light 
resonantly decreases. Note that the critical values of x  for 
the short wavelength edge modes and long wavelength 
edge modes with the same m are different. At anisotropic 
absorption/gain there appears asymmetry, which is due to 
the mentioned effects of anomalously strong 
absorption/amplification and absorption/amplification 
suppression effects in CLC. 

As well known (see [41]) for weak absorption (gain) 
and small dImK the reflection and transmission 
coefficients for CLC layer approximately are defined by 
the following expressions for the edge modes: 
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where a d p  , Im Re     . In the case of 
amplification,  is negative and, consequently, if: 
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then the reflection and transmission coefficients diverge. 
As shown in [1], if the imaginary part of the dielectric 
tensor is negative and increases in absolute value, the value 
of R T  becomes greater than unity, which corresponds 
to the amplifying medium. And when this value reaches 
some critical negative value, the values of R  and T  
diverge and the amplitudes of waves leaving the layer 
become non-zero even at zero amplitudes of incident 
waves. Therefore, the value   determined by expression 
(8) can be interpreted as the threshold value of laser 
generation, i.e. in this case we will have g Re m   .  

And now the question arises how well formula (8) 
describes the generation threshold in general. 

As is seen from (8), the minimum threshold value of 
  corresponds to the mode with m = 1, i.e. to the mode 

nearest to the PBG laser mode, and the threshold value of 
 increases if m is increased. The same results were 
obtained by us numerically, presented in Fig. 2. 

Fig.5 shows the comparison of thresholds for different 
edge mode numbers calculated numerically from the 
condition 1/ 0T   and analytically in accordance with 
equation g Re m    with     2 3/m d p     . 
The comparison demonstrates that the smaller edge 
number m is, the closer the analytically found and 
numerically calculated threshold gains are. This fact is in 
good agreement with the spectral dependence of dImK 
value where only for the closest to PBG modes the 
condition ImK<<1/d is somewhat satisfied, and the 
analytical formula is accurate. 

 
Fig. 5. Comparison of thresholds for different edge mode 

numbers calculated numerically from the condition 1/T→0 
and analytically in accordance with equation g mRe    

Fig.6 shows the comparison of thresholds for different 
CLC layer thicknesses in the case of isotropic and 
anisotropic gain, for short wavelength (left) and long 
wavelength (right) edge modes with m=1 and m=2 
numbers calculated numerically from the condition 
1/ 0T   and analytically in accordance with equation 
g Re m    with     2 3/m d p     . The 
comparison demonstrates that the thicker CLC layer is, the 
closer the analytically found and numerically calculated 
threshold gains are. 

Let us note that, in practice, the lasing threshold usually 
decreases with an increase of a CLC layer thickness only 
up to a certain value and then gradually increases slightly 
[20]. The last one is due to the longitudinal optical 
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pumping (approximately along the helix axis), when 
gradual absorption of the pumping energy across the layer 
thickness results in decreasing the gain of the medium. 

While, as shown above (see also [1,38,41,42]), in the case 
of homogeneous gain distribution the lasing threshold gain 
decreases as a cube of the distributed feedback length. 

     

   
Fig. 6. The comparison of thresholds for different CLC layer thicknesses in the case of isotropic and anisotropic gain, for short wavelength 

(left) and long wavelength (right) edge modes with m=1 and m=2 numbers calculated numerically from the condition 1 / 0T   
and analytically in accordance with equation g mRe    with     2 3/m d p     . a, b) 1 2Im Im   , c) 1 2Im 0, Im 0    , 

d) 1 2Im  0, Im 0   

Conclusion 

In conclusion, the laser threshold of the EPs on edge 
modes in CLC cells are calculated. The influence of gain 
on light localization was investigated, too. The influence 
of absorption and gain on the light energy density in the 
CLC layer both at isotropic and anisotropic absorption and 
gain were investigated. The calculated threshold values 
compared with analytical expression for laser threshold 
obtained in the condition ImK<<1/d. 

As mentioned in the introduction the CLC layer gives 
rise to a polarization-sensitive laser generation. The 
generated low threshold laser light has polarization 
coinciding with the polarization of diffracting EP, that is 
unlike in isotropic PCs it has circular polarization. In 
general EPs of CLC depend on the local anisotropy of CLC 
and on sn  too. And this polarization can be continuously 
changed from circular to linear by appropriate changes of 
these parameters [48, 49]. 

Let us note once more that the subject problem on 
transmittance of radiation through a planar resonator with 
an active element and a constant amplification coefficient 
is not adequate to a real process. The amplification 
coefficient decreases as the intensity of the propagating 
through the medium wave increases. This is connected 
with the peculiarities of appearing of the inverse state – 
at very large energies accumulated in the laser active 
element, the speed of stimulated transitions prevails over 
the pumping speed. This leads to a sharp decrease in the 
difference of population of exited and ground states, 

which, in its turn, leads to a decrease in the amplification 
coefficient and, consequently, to the saturation of 
intensity [50]. And, as the interaction of radiation with 
the amplifying medium becomes neither linear, nor 
stationary, the linear approximation cannot be applied to 
the subject problem. Nevertheless, the presented results 
give much information on radiation peculiarities and 
laser generation in the CLC.  
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