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Abstract 
The paper presents a model of optical nonlinearity in a dielectric nanoсomposite for wavelengths rang-
ing from 200 to 800 nm and intensities of up to 1000 W/cm2. Results of the numerical modeling of the 
optical response in a nanocomposite consisting of dielectric nanoparticles Al

2
O

3
 with low volume con-

centration (of the order of 0.3 %) embedded in a transparent dielectric liquid matrix are presented. It 
is found that with the volume concentration remaining unchanged, the value of nonlinear response in 
unit volume increases with decreasing nanoparticles size. The spectrum of the nonlinear extra term of 

the refraction index is shown to be affected by various parameters, such as the size and anisotropy of 
nanoparticles. It is notable that for 45-nm Al

2
O

3
 nanoparticles with 0.3% volume concentration the val-

ue of the nonlinear optical response reaches 1.5·10–4 cm2/W near the resonant absorption band.
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Introduction
Unique optical properties of dielectric nanocomposite 
materials have been discussed a lot during the last de-
cade. Particular attention is given to those features that 
are poorly worked out or completely missing in dielec-
trics with high volume concentration. For example, ad-
ditional effects of the medium, external field, size, and 
shape of nanoparticles influenced on dielectric trans-
mittance and luminescence spectra have been deter-
mined [1 – 3]. The similar impact of the medium is also 
observed in semiconductor nanoparticles [4 – 6]. In pa-
pers [7 – 10], the non-linear optical response has been 
detected in some dielectric nanocomposite materials for 
intensities ranging of up to 1 kW/cm2, i.e. it is insuffi-
cient to launch multiphoton processes, photoionization 
or any other nonlinear processes. In papers [11, 12], the 
authors come to the conclusion, discussing nature of 
such type of nonlinearity, that the reason thereof is the 
key influence of exitonic levels in dielectric nanoparti-
cles on the general transmission spectrum. The authors 
of paper [13] define conditions favorable for long-lived 
excitonic states occurred in dielectric nanoparticle mate-
rials embedded in a transparent dielectric liquid matrix 
with linear optical properties within the optical range. 

Experimental results for these materials published in pa-
pers [14 – 19] have shown that when radiation intensity 
was about 150 – 250  W/cm2, the nonlinear extra term 
of the refraction index was nn = 10-4 ÷ 10-5 near the res-
onant absorption band. These findings correlate very 
accurately with a theoretical model of such nonlinearity 
proposed in paper [20]. However, it is necessary to ana-
lyze the influence of the size, shape, and concentration 
of nanoparticles in order to forecast optical properties of 
nanocomposite dielectric materials.  Numerical methods 
for solving Schrodinger equations are used in theoretical 
research of optical nonlinearity, for example, in papers 
[21, 22]. It is extremely difficult to use this approach for 
nanosystems consisting of thousands of interacting ele-
ments even for numerical solution, since the increasing 
number of interacting elements considerably complicates 
a form of an equation. A possible solution of the problem 
may consist in entering into the equation those functions, 
which describe behavior effects of some system parame-
ters based on the existing empirical data.  This approach 
requires a mathematical model of physical processes that 
is correlated with experimental data. In previous papers 
[9, 13, 14, 17 – 20], the approximation of the excitonic 
optical response was made at different parameters ob-
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tained empirically for each particular case. The purpose 
of this paper is to develop representation of a model by 
considering new conditions for defining parameters tak-
en from experiments conducted earlier.

1. Resonant absorption model 
By dielectric nanocomposites we mean dielectric 
nanoparticles embedded in a transparent dielectric liq-
uid matrix with linear optical properties within a visible 
range. Papers [14, 17 – 20] describe such nanocompos-
ites with wide excitonic absorption bands, lying within 
a band gap, available in absorption and luminescence 
bands. Pronounced peaks of the excitonic absorption are 
generally observed in semiconductors at low tempera-
tures (up to tens of K) [23, 24].  The excitonic absorption 
bands can be also observed in dielectric nanocomposites 
at a temperature of about 300 К. This appears when the 
Louis de Broglie wavelength of the exciton is compared 
to the size of a nanoparticle. In this case, the effect of 
the nanoparticle-matrix interface is shown as increas-
ing depth of a potential well where the exciton is located 
(an electron and a hole) and it results in increasing the 
hole-electron binding energy. In classical understand-
ing, this means that a negatively charged layer occurs 
inside the interface that prevents destruction of exciton 
coherence. This happens when the dielectric constant of 
the nanoparticle material is greater than the dielectric 
constant of the surrounding matrix. As a result, exciton 
absorption lines move depthward to the band gap and 
become apparent in the visible range of the absorption 
bands, in spite of the high (> 6 electron volt) band gap 
energy [19]. Nanoparticle and surrounding matrix 
materials must be selected not only by evaluating the 
dielectric constant on the optical frequency, but also in 
line with transparency in order to reduce the heat ef-
fect. This also requires low volume concentration. High 
concentration of nanoparticles at which the particles 
start to interact with each other is undesirable as this 
will reduce the value of the nonlinear optical response. 
Therefore, we have analyzed the case with low volume 
concentration (of the order of 0.3 %) that allows us to 
neglect the mutual influence in nanoparticles and to 
fulfill a condition of optical transparency of nanocom-
posites. Probability of two-photon processes is insignif-
icant in weak optical fields, so we can assume that in 
quantum concepts the nanoparticles are represented as 
a set of independent two-level systems distributed with 
volume density and interacting with the medium inde-
pendently from each other [25]. The nonlinear optical 
response of the medium is proportional in this model to 
the complex susceptibility per unit volume considering 
that the full susceptibility of materialχ  with intensities 
ranging of up to 1000 W/cm2 is represented by a sum of 
linear and nonlinear excitonic susceptibilities.

0 .Rχ = χ + χ   	 (1)
The process of exciton creation is resonant in its na-
ture at certain frequencies. Therefore, we must use a 
model of complex resonant susceptibility with popu-
lation-level differences [26]:
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where 0χ   is a linear part of susceptibility of mate-
rials, Rχ   is the resonant non-linear extra term of 
susceptibility of materials, ω0 is  the resonance fre-
quency, Г is an absorption line half-width, ћ is the 
Plank constant (“h-bar”), N is a number of charge 
carriers in optical distance ranging, Drng is the pop-
ulation-level difference of energies of states |  n  > 
and |  g  >, p  =  <  n  |  e  ·  ri  |  g  > is a projection of the 
net electric dipole moment of electron transition in 
the nanoparticle from state < n | to state | g > towards 
the polarization direction of the external optical ra-
diation, Dr0 is the equilibrium heat population dif-
ference with no external fields, and Is is the level of 
saturation of a two-level system at which a half of 
charge carriers have passed to the excited state. Note 
that a priori dipole moment of the nanoparticle is un-
known. However, in classical understanding, we can 
interpret exciton excitation as charge redistribution 
in the nanoparticle and creation of the average dipole 
moment dexc in such a way that the dipole moment 
becomes proportional to p0  ~  a×e. In this case, it 
seems obvious that the value of this dipole moment 
will depend on the size and shape of the nanoparti-
cle. The induced dipole moment dexc in the nanopar-
ticle, in case of isotropic nanoparticle material, may 
coincide with the electric-field vector Е, whereas in 
case of anisotropic material, the net dipole moment 
of the nanoparticle may be inconsistent with Е. In 
this case, there occurs a torque, which will try to turn 
the nanoparcle along the vector Е. This would result 
in increasing polarization in unit volume. Note that 
anisotropy of nanoparticles may occur in the process 
of polarization not only because of material proper-
ties, but also because of the nanoparticle shape. The 
torque of nanoparticle orientation will be propor-
tional to the intensity of the external field. The pa-
rameter of nanoparticle orientation along the field 
will be a complex function of the intensity I that is 
included therein through the dipole moment and the 
external-field interacting force. It seems to be impos-
sible to write down analytically a formula for this de-
pendence. However, it would be fair to introduce the 
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orientation factor A(I), which simulates the dipole 
moment square behavior while changing the radia-
tion intensity:

2 2
0 ( ).p p A= I 	 (4)

Dependence of the orientation factor from the intensi-
ty I is defined in this paper as follows:

/( ) 1 e .IA I − α= − 	 (5)
The shape of nanoparticles is determined in the model 
using the orientation factor of the nanoparticle po-
larization vector along the vector of the electric field 
intensity that depends on the intensity of polarized 
radiation. The factor α sets the susceptibility to ra-
diation intensity and is determined by the shape of 
nanoparticles or, more precisely, by the difference of 
characteristic dimensions along the basis vectors. In 
other words, the value of this factor is proportional 
to anisomery of nanoparticles that was experimen-
tally studied in previous research. The issue of exact 
calculation or analytical representation of this factor, 
using distribution of sizes and shapes of nanoparticles 
in volume of metamaterial with a liquid matrix, is still 
open. Therefore, this factor is considered to be a speci-
fied parameter in this model, and a → 0 for a spherical 
shape of the nanoparticle with the isotropic dielectric 
constant tensor. 

2. Description of modeling parameters
After having transformed the above equations (3 – 5), 
we write over the expression for the resonant non-lin-
ear extra term of the exciton susceptibility as follows:
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The right fraction in the formula (6) represents a Loren-
tsian model in saturation spectroscopy, in which when 
Is = const, the real part is an uneven function, whereas the 
imaginary part is an even function. It is known that the 
susceptibility χ  is related to the dielectric permittivity, 
and yet to the refraction index. Note that in this case the 
real part of the formula (6) sets the non-linear extra term 
of the refraction index, whereas its imaginary part gives 
the extra term to the material absorption coefficient. Let’s 
write the expression for connecting the susceptibility Rχ  
with the complex refraction index for dielectric nanopar-
ticles in a solution as follows:

0 0 0( , ) ( , I) (2 ( , I))/ .n Rn n n n nω I = + ω = + πχ ω   	 (7)
For numerical simulation, it is necessary to enumer-
ate all input parameters and define the range of their 
values.

■■ Dr0∈ [0, 1] is the equilibrium heat population dif-
ference. This model considers the case with a station-
ary temperature of 300 К; that’s why we can believe 
that Dr0 = const;

■■ a ∈  [5,  100]  nm is a specified size of a dielectric 

nanoparticle. We analyzed this particular range of the 
nanoparticle sizes;

■■ N ∈[1012, 1015] in cm–3 is the number of charge car-
riers in unit volume. In this model, it is taken to be equal 
to the number of nanoparticles and is calculated via ma-
terial volume concentration and nanoparticle volume at 
a specified value of a. We analyzed the case with volume 
concentration of the order of f = 0.3 %;

■■ p0 = a×e is the maximum dipole moment of the 
nanoparticle, where a is the size of the nanopar-
ticle and the charge of the electron e is set in CGS 
system;

a)     

b)    

c) 
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d)    

e)    

f)  

Fig. 1. Graphs of two competitive processes: the level-popu-
lation difference Δρng and the orientation factor A(I).  
Dependence on the intensity at different fixed values of α 

and λ. This behavior corresponds to spherical (а, b, c) and 
non-spherical (d, e, f) shapes of nanoparticles

■■ w0,  and Г are the resonant frequency and the 
absorption line half-width, respectively. They may 
be specified based on experimental data. For con-
venience, our model shows them in dimensions of 
the wavelengths λ0 and Г λ (in nm) corresponding 
thereto;

■■ n0 is the refraction index of high-volume material 
of dielectric nanoparticles on the optical frequency 
(specified for reference only); 

■■ a  ∈  [1,  100] is the anisomery coefficient for 
the nanioparticle; in case of the isotropic dielec-
tric constant tensor and the spherical shape of 
nanoparticles, a → 0. Increasing values of the co-
efficient means that one of its basis vectors excels 
the others;

■■ Is ∈ [20, 200] W / cm2 means threshold satura-
tion at which a half of free charge carriers are in-
duced. It is specified based on experimental data. 
The non-linear susceptibility response may be 
easily considered as the product of two competi-
tive processes: the orientation factor A(I) and the 
level population difference Δρng, whose graphs 
are given in Fig. 1. These processes are to be cal-
culated in order to select the most appropriate 
working area in practical application of exciton 
nonlinearity of dielectric nanocomposites, for 
example, in optical switches [27 – 29]. When an-
alyzing the above expression (7), we may notice 
that the susceptibility value Rχ  is proportional 
to N and 2

0p , which, in their turn, are specified 
with the volume concentration f and the size of 
nanoparticles a. 
When f  =  const, while increasing the size of 
nanoparticles, N is reduced proportionally to a3, 
whereas 2

0p  is increased proportionally to a2.  This 
brings us to the conclusion that decreasing the par-
ticles sizes would result in increasing the non-lin-
ear optical response at the same volume concentra-
tion. As may be inferred from the above equations 
(3 – 5), the non-linear part of the susceptibility Rχ
changes, depending on the frequency and intensity.

3. Modeling results
Using the non-linear susceptibility and well-known 
models for calculating the refraction index of the 
two-composite medium, for example, a Maxwell 
Garnett model, it is possible to build transmis-
sion, absorption and material scattering spectra. 
We can find expressions for calculation of scatter-
ing cross-section spectra and material absorption 
spectra in paper [26]. However, because of predom-
inance of contribution of a linear component over a 
nonlinear one in several orders, it is reasonable to 
show proper individual spectra, corresponding only 
to the non-linear extra term of the complex refrac-
tion index.
To simulate experimental data [18] with dielectric 
nanoparticles Al2O3 dissolved in transparent oil, the 
following values of parameters are entered into the 
model: Dr0 = 0.9, а = 45 nm, n0 = 1.65, λ0 = 437 nm, 
Г λ = 27.4 nm, f = 0.3 %, Is = 50 W/cm2, a = 3.5. Fig-
ure 3 gives the graphs for the complex non-linear 
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extra term ( , )nn ω I  amounting to 1.5·10  –  4  cm2/W 
(Fig. 2г). We consider the cases with the fixed wave-
lengths (Fig. 2a – c) or intensities (Fig. 2d – f).

a)   

b)   

c) 

d)    

e)   

f) 

Fig. 2. Graphs of the non-linear extra term at fixed values of λ 
(a, b, c) and fixed intensities (d, e, f).  

The real and imaginary parts are given separately

Calculations of wavelength spectra show that while 
changing the intensity, the imaginary part of the non-lin-
ear extra term reduces faster than its real part. When 
passing through the resonant frequency λ0, the real part 
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of the non-linear extra term ( , )nn ω I  changes its sign. 
While changing the intensity (Fig.  2d  –  f), broad-
ening of the real-and-imaginary-part band ( , )nn ω I  
can be observed thus decreasing the amplitude of 
the values. It can also be seen in Fig.  2а  –  c that 
while moving from the resonant frequency, a point 
of extremum is displaced in the intensity graphs of 
the real and imaginary parts. It can also be seen in 
Fig. 2а, b that with increasing intensity the non-lin-
ear response first is increasing, and then is decreas-
ing. Such decrease of the value of the non-linear ex-
tra term, while increasing the intensity, may be ex-
plained by the influence of the process of saturation 
for the two-level model when the level-population 
difference is reduced. The real and imaginary parts 
of the non-linear extra term ( , )nn ω I  may be easily 
estimated in the shape of three-dimensional alloca-
tion maps of intensities and wavelengths (Fig.  3а, 
b).
Allocation of the real part of the refraction index 
can be clearly seen from the image analysis at dif-
ferent wavelengths and intensities. At a relatively 
small absorption line half-width, the area of chang-
ing the non-linear extra term of the real part covers 
a large optical range. This means that the resonant 
absorption band available in the violet part of the 
spectrum, being the exciton in nature, may be used 
at a considerable distance (up to 200 nm) therefrom 
towards the red area.

Conclusion
Behavior effects of the excitonic non-linear optical re-
sponse have been demonstrated, depending on the in-
tensity of the external monochromatic radiation. The 
peculiar feature is that when the radiation intensity in-
creases gradually, the response first increases and then 
decreases.

a)  

b) 
Fig. 3. The real (а) and imaginary (b) parts of the non-linear 
extra term n2. The two-dimensional allocation map for values 
of the non-linear extra term depending on the intensity and 
wavelength of polarized radiation

Such behavior of the excitonic nonlinearity in di-
electric nancomposites differentiates it from the 
known quadratic and cubic nonlinearity of mate-
rial. The value of the non-linear extra term of the 
refraction index is up to 1.5·10‑4 with low volume 
concentration (of the order of 0.3  %) and rather 
low intensities of up to 1000 W/cm2. It is practically 
feasible to be used in optical devices, for example, 
in optotransistors (transphasors) [30]. The repre-
sented model of numerical calculations allows us 
to analyze the excitonic optical nonlinearity at dif-
ferent frequencies and to keep track of behavior of 
the complex extra term ( , )nn ω I

 at different sizes of 
particles and some other parameters. For example, 
as follows from the numerical modeling, it is found 
that the value of the non-linear optical response Rχ  
is proportional to the size of nanoparticles and their 
quantity in unit volume N. With the volume concen-
tration of nanoparticles remaining unchanged, the 
value Rχ increases with decreasing nanoparticles 
size. So it is recommended to use less size particles 
to increase the non-linear optical response. It is 
found that the contribution to the non-linear opti-
cal response of the orientation factor A(I) increases 
with increasing anisotropy of nanoparticles. It be-
comes the most apparent near the resonant frequen-
cy, whereas by removing therefrom, the contribution 
of the non-linear response decreases.  Anisomery of 
nanoparticles also affects the non-linear optical re-
sponse behavior depending on the intensity. When 
increasing a ratio of dimensional sides of particles, 
the orientation factor grows at a much slower rate 
with increasing intensities. It is notable that a be-
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havior pattern of the non-linear optical response is 
meant to be an indicator of the particle sphericity 
with the isotropic polarizability tensor. 
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